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*Monotone modal logic* differs from normal modal logics (such as *K* \[[@CR4]\], equivalent to the standard description logic $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {ALC}$$\end{document}$ \[[@CR1]\]) by giving up distribution of conjunction over the box modality, but retaining monotonicity of the modalities. Its semantics is based on (monotone) neighbourhood models instead of Kripke models. Monotone modalities have been variously used as epistemic operators that restrict the combination of knowledge by epistemic agents \[[@CR27]\]; as next-step modalities in the evolution of concurrent systems, e.g. in *concurrent propositional dynamic logic* (CPDL) \[[@CR24]\]; and as game modalities in systems where one transition step is determined by moves of two players, e.g. in Parikh's *game logic* \[[@CR7], [@CR12], [@CR20], [@CR23]\]. The monotonicity condition suffices to enable formation of fixpoints; one thus obtains the *monotone*$\documentclass[12pt]{minimal}
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                \begin{document}$$\textsc {PSpace}$$\end{document}$-complete satisfiability problems in the absence of fixpoints, it is known that satisfiability in monotone modal logic is only $\documentclass[12pt]{minimal}
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                \begin{document}$$\textsc {ExpTime}$$\end{document}$-complete: Adding the *universal modality* (equivalently global axioms or, in description logic parlance, a general TBox) and alternation-free *fixpoints*; that is, we show that satisfiability checking in the *alternation-free fragment of the monotone* $\documentclass[12pt]{minimal}
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                \begin{document}$$\textsc {ExpTime}$$\end{document}$ in both cases \[[@CR20], [@CR23], [@CR24]\]); for comparison, standard propositional dynamic logic (PDL) and in fact already the extension of *K* with the universal modality are $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\textsc {ExpTime}$$\end{document}$-hard. (Our results thus seemingly contradict previous results on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\textsc {ExpTime}$$\end{document}$-completeness of CPDL. However, these results rely on embedding standard PDL into CPDL, which requires changing the semantics of CPDL to interpret atomic programs as sequential programs, i.e. as relations rather than neighbourhood systems \[[@CR24]\].) Our results are based on a variation of the game-theoretic approach to $\documentclass[12pt]{minimal}
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**Organization.**   We recall basics on fixpoints and games in Sect. [2](#Sec2){ref-type="sec"}, and the syntax and semantics of the monotone $\documentclass[12pt]{minimal}
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                \begin{document}$$\mu $$\end{document}$-calculus in Sect. [3](#Sec3){ref-type="sec"}. We discuss a key technical tool, *formula tracking*, in Sect. [4](#Sec4){ref-type="sec"}. We adapt the standard tableaux system to the monotone $\documentclass[12pt]{minimal}
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                \begin{document}$$\mu $$\end{document}$-calculus in Sect. [5](#Sec5){ref-type="sec"}. In Sect. [6](#Sec6){ref-type="sec"}, we establish our main results using a game characterization of satisfiability.

Notation and Preliminaries {#Sec2}
==========================

We fix basic concepts and notation on fixpoints and games.

**Fixpoints.**   Let *U* be a set; we write $\documentclass[12pt]{minimal}
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Remark 1 {#FPar1}
--------

We have defined the size of formulae as the cardinality of their closure, implying a very compact representation \[[@CR3]\]. Our upper complexity bounds thus become *stronger*, i.e. they hold even for this small measure of input size. Moreover, the restriction to guarded formulae is then without loss of generality, since one has a *guardedness transformation* that transforms formulae into equivalent guarded ones, with only polynomial blowup of the closure \[[@CR3]\].
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The soundness direction of our game characterization will rely on the following immediate property of the semantics, which may be seen as soundness of a modal tableau rule \[[@CR5]\].
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Remark 3 {#FPar3}
--------
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Remark 4 {#FPar4}
--------

The semantics may equivalently be presented in terms of *monotone* neighbourhood models, where the set of *a*-neighbourhoods of a state is required to be upwards closed under subset inclusion \[[@CR8], [@CR12], [@CR20], [@CR23]\]. In this semantics, the interpretation of $\documentclass[12pt]{minimal}
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We further extend the expressiveness of the logic (see also Remark [9](#FPar10){ref-type="sec"}) by adding *global assumptions* or equivalently the *universal modality*:

Definition 5 {#FPar5}
------------
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Remark 6 {#FPar6}
--------

In description logic, global assumptions are typically called (general) *TBoxes* or *terminologies* \[[@CR1]\]. For many next-step modal logics (i.e. modal logics without fixpoint operators), satisfiability checking becomes harder under global assumptions. A typical case is the standard modal logic *K* (corresponding to the description logic $\documentclass[12pt]{minimal}
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For later use, we note
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Proof (sketch) {#FPar9}
--------------
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Remark 9 {#FPar10}
--------
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It is not immediately clear what reachability would mean on neighbourhood models. We can however equivalently rephrase the definition of $\documentclass[12pt]{minimal}
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Formula Tracking {#Sec4}
================

A basic problem in the construction of models in fixpoint logics is to avoid infinite unfolding of least fixpoints, also known as infinite deferral. To this end, we use a *tracking function* to follow formulae along paths in prospective models. For unrestricted $\documentclass[12pt]{minimal}
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Next we formalize our notion of deferred formulae that originate from least fixpoints; these are the formulae for which infinite unfolding has to be avoided.

Definition 10 {#FPar11}
-------------
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Since we assume formulas to be alternation-free, no formula $\documentclass[12pt]{minimal}
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Example 11 {#FPar12}
----------
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We proceed to define a tracking function that nondeterministically tracks deferrals along paths in neighbourhood models.

Definition 12 {#FPar13}
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Remark 13 {#FPar14}
---------

Formula tracking can be modularized in an elegant way by using tracking automata to accept exactly the paths that contain infinite deferral of some least fixpoint formula. While tracking automata for the full $\documentclass[12pt]{minimal}
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Definition 14 {#FPar15}
-------------
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Example 15 {#FPar16}
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Tableaux {#Sec5}
========

As a stepping stone between neighbourhood models and satisfiability games, we now introduce *tableaux* which are built using a variant of the standard *tableau rules* \[[@CR10]\] (each consisting of one *premise* and a possibly empty set of *conclusions*), where the *modal rule* $\documentclass[12pt]{minimal}
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Definition 16 {#FPar17}
-------------
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A *pre-tableau* is a directed graph (*W*, *L*), consisting of a finite set *W* of nodes labelled with subsets of $\documentclass[12pt]{minimal}
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To link models and tableaux, we next define an inductive measure on unfolding of least fixpoint formulae in models.
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-----
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To check satisfiability it suffices to decide whether a tableau exists:

Theorem 19 {#FPar21}
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Satisfiability Games {#Sec6}
====================
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Definition 20 {#FPar23}
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Next we prove the correctness of our satisfiability games.

Theorem 22 {#FPar25}
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-----
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For the converse direction, let (*W*, *L*) be tableau for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\rho _1$$\end{document}$, labeled with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$l:W\rightarrow \mathcal {P}(\mathsf {cl})$$\end{document}$. We extract a strategy *s* for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathsf {Eloise}$$\end{document}$ in *G*. A game node $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(\varPsi ,\mathsf {Foc})$$\end{document}$ is *realized* if there is $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v\in W$$\end{document}$ such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varPsi \subseteq l(v)$$\end{document}$; then we say that *v* *realizes* the game node. For all realized game nodes $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(\varPsi ,\mathsf {Foc})$$\end{document}$, we pick a realizing tableau node $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v(\varPsi ,\mathsf {Foc})$$\end{document}$ that is minimal with respect to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathsf {tab}$$\end{document}$ among the tableau nodes that realize $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(\varPsi ,\mathsf {Foc})$$\end{document}$. Then we construct a propositional word $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$w=l_0,l_1,\ldots $$\end{document}$ as follows, starting with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varPsi _0=\varPsi \cup \{\rho _0\}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v_0=v(\varPsi ,\mathsf {Foc})$$\end{document}$. For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$i\ge 0$$\end{document}$, pick some non-modal letter $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$l_i=(\phi ,b)$$\end{document}$ such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\phi \in \varPsi _i$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$b\in \{0,1\}$$\end{document}$ and such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$l(v_{i+1})=\gamma (\varPsi _i,l_i)$$\end{document}$ where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v_{i+1}\in W$$\end{document}$ is *the* node such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(v_i,v_{i+1})\in L$$\end{document}$. Such a letter $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$l_i$$\end{document}$ exists since (*W*, *L*) is a tableau. By guardedness of fixpoint variables, this process will eventually terminate with a word $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$w=l_0,l_1,\ldots ,l_m$$\end{document}$ such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m\le 3n$$\end{document}$, since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varPsi _0$$\end{document}$ contains at most three formulae and each formula contains at most *n* unguarded operators. Put $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$s(\varPsi ,\mathsf {Foc})=(\gamma (\varPsi \cup \{\rho _0\},w),\delta (\mathsf {Foc},w))$$\end{document}$, having $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\gamma (\varPsi \cup \{\rho _0\},w)= l(v_m)$$\end{document}$. It remains to show that *s* is a winning strategy. So let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tau =(\varPsi _0,\mathsf {Foc}_0),(\varGamma _0,\mathsf {Foc}'_0),(\varPsi _1,\mathsf {Foc}_1),(\varGamma _1,\mathsf {Foc}'_1),\ldots $$\end{document}$ be an *s*-play, where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varPsi _0=\{\rho _1\}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathsf {Foc}_0=\emptyset $$\end{document}$. It suffices to show that for all *i* such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathsf {Foc}_i\ne \emptyset $$\end{document}$, there is $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$j\ge i$$\end{document}$ such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathsf {Foc}_j=\emptyset $$\end{document}$. So let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathsf {Foc}_i\ne \emptyset $$\end{document}$ and let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$w_i$$\end{document}$ be the word that is constructed in the play from $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(\varPsi _i,\mathsf {Foc}_i)$$\end{document}$ on. Since (*W*, *L*) is a tableau and since *s* has been constructed using realizing nodes with minimal tableau timeouts, all traces of formulae from $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathsf {Foc}_i$$\end{document}$ along the branch that is encoded by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$w_i$$\end{document}$ are finite. Let *j* be the least number such that all such traces have ended after 2*j* further moves from $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(\varPsi _i,\mathsf {Foc}_i)$$\end{document}$. Then we have $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathsf {Foc}'_{i+j}=\emptyset $$\end{document}$, as required.    $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

Corollary 23 {#FPar27}
------------
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Corollary 24 {#FPar28}
------------

The satisfiability checking problem for the alternation-free monotone $\documentclass[12pt]{minimal}
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Proof {#FPar29}
-----
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By the translations recalled in Example [7](#FPar7){ref-type="sec"}, we obtain moreover

Corollary 25 {#FPar30}
------------

Satisfiability-checking in concurrent propositional dynamic logic CPDL and in the alternation-free fragment of game logic is in $\documentclass[12pt]{minimal}
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Conclusion {#Sec7}
==========

We have shown that satisfiability checking in the alternation-free fragment of the monotone $\documentclass[12pt]{minimal}
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